We extend an approach to Morse theory due to Harvey and Lawson to non compact manifolds. This provides a modified and arguably more natural version of Morse-Novikov theory, where the Novikov Ring is replaced by a new "Forward Laurent Ring". A detailed development of standard Morse-Novikov theory is clarified in several ways. Geometrically: The Novikov complex is described as a subcomplex of the DeRham complex of currents similar to [HL], although needing the important improvement by Minervini [M]. Topologically: The invariants are described in a new and concise way as "compact forward cohomology". Algebraically: The Novikov Ring and the Forward Laurent ring are shown to be principal ideal domains, which are flat over the Laurent polynomials. Even for the Novikov ring these algebraic facts were not known before, though fundamental for the theory. Two dualities are established: first a backward/forward duality between infinite dimensional vector spaces over R; second a "Lambda duality" between finite dimensional vector spaces over the "Forward Laurent field" Λ.
Weakly Proper Morse Smale Flows
Suppose f : Y → R is a Morse-Smale function on an oriented (not necessarily compact) Riemannian manifold. Assume that the gradient vector field of f is complete, insuring a flow φ on Y. Recall the transversality condition of Smale:
Smale For any two critical points p, q ∈ Cr (f ), the stable manifold S p and the unstable manifold U q intersect transversally.
To overcome lack of compactness of Y , we will also assume the following:
Weakly Proper The function f is weakly proper if the intersection of each broken flow line with each slab f −1 ([a, b] ) is compact.
This more delicate notion of weakly proper includes the case when f is proper (which is not general enough for our purpose).
Next, we'll briefly recall the Harvey-Lawson technique of finite volumes flows, referring to [HL] , [L] and [M] for details and proofs about the first two sections. Actually, following the approach in [L] , most of the results in this paper are generalized in [M] to the case of functions (and 1-forms) with "Bott" singularities, where the critical points are distributed along submanifolds and the singularity is nondegenerate in the normal direction.
Denote by φ = (φ t ) t∈R the flow of the vector field V = −grad(f ) and by Φ the total graph map
The total graph map Φ is regular near points where V = 0. In fact, Φ| R×(Y \Cr(f )) defines a one-to-one immersed submanifold T ⊂ Y ×Y. The graphs Φ(t × Y ) = graph (φ t ) are closed embedded submanifolds for any value of t . These submanifolds are conveniently described as current pushforwards, namely T t = Φ * ([0, t] × Y ) and P t = Φ * (t × Y ) = [graph(φ t )] define currents of dimension n + 1 and n, respectively, in Y × Y , in particular the graph(φ 0 ) is just the diagonal ∆. Since taking boundary commutes with current pushforward:
Finite Volume Flows If the submanifold T defined by Φ| R×(Y \Cr(f )) has locally finite volume in Y then φ is called a finite volume flow (this is actually a property of the associated singular foliation).
In [HL] , a current approach to Morse theory was developed using finite volume flows. However, a certain tameness condition on the Morse function and the metric was needed to show that the gradient determined a finite volume flow. This gap has been filled in [M ] , where the tameness condition is eliminated.
Theorem (Minervini) Each weakly proper Morse Smale flow is a finite volume flow. Moreover, T is a submersively stratified space in the sense that it can be locally described as the image of a compact manifold with corners D under a smooth stratified map σ with the special property that the restriction of σ to each stratum of D is a submersion onto the corresponding stratum of T .
A similar result also holds for any stable (unstable) manifold, and in this case the singular strata are other stable (unstable) manifolds. The precise description of the singularities in the statement is needed in full in the theory, because of some intersection issues.
Consequently, T defines a current (which we also denote by T ) and the limit lim t→+∞ T t = T holds in the mass norm (i.e. locally the volume of T − T t decreases to zero). In particular, the currents P t = ∆ − ∂T t converge. A simple geometric description is available for P = lim t→+∞ P t , namely:
The limiting equation
will be referred to as the Fundamental Morse Equation.
Via the kernel calculus developed by Harvey and Polking in [HP] , the FME is equivalent to an operator equation where the operators map test forms on Y to currents on Y (sometime we denote the operator by the same letter we use for the corresponding current). The diagonal ∆ determines the identity operator I and P t = [graph (φ t )] determines the pullback operator P t = φ * t . The operator equation determined by FME:
will be referred to as the Morse Chain Homotopy. The kernel equation (P ) determines an operator equation for P = lim t→+∞ φ * t , namely:
for any test form α on Y (the convergence is in the topology of currents, and actually in the "flat topology"). Note that the limit of φ * t (α) where α is a compactly supported form, is generally not a compactly supported current (since this limit is a sum of stable manifolds).
The classical Morse complex is a formal complex of finitely generated free groups having the critical points of the Morse function as generators, and boundary defined in a certain geometric way.
Harvey and Lawson ( [HL] ) realized this complex (for Y compact and under the tameness condition), as the subcomplex of the complex of currents on Y consisting of finite sums of (the currents defined by integration over the) stable manifolds (the S-complex). In this way the boundary in the "formal" Morse complex can be interpreted as the boundary of stable manifolds as currents, relying on the fact that the boundary of a stable manifold is a finite integer sum of other stable manifolds of lower dimension.
In the non compact case, the critical points are no longer finite in number and, more important, the boundary of a stable manifold (as a current) might be the sum of a family of stable manifolds which might not even be locally finite! Nevertheless one can overcome this problem by requiring the weakly proper condition. Under this assumption: Of course, each stable manifold is forward in the sense that
Forward Supports: the Current Morse Complex
The motivation for introducing the family of "forward sets" and considering cohomology with forward support arises by trying to find a setting in which the operators P and T are still defined and the FME holds. The structure and position of the stable and unstable manifolds and the expression (P ′ ) make it simple to guess that P extends to forms which are supported in f −1 ([a, +∞[) for some a ∈ R and compactly supported in f −1 ([b, c] ) for any constants b ≤ c ∈ R, and it's quite obvious that the range of the operator consists of currents supported in the same way. This justifies the following definition.
Definition (compact/forward set) A closed set A ⊂ Y is a compact/forward set (abbreviated c/f set) with respect to the Morse function f if both
A is slab compact)
The subscript c ↑ or c/f will denote the family of compact/forward sets. For example, E * c↑ (Y ) = Γ c↑ (Y, E * ) denotes the space of smooth forms with c/f support.
Clearly the compact/forward sets are a paracompactifying family for Y in the terminology of [G] . Consequently, either the complex D 
is the current boundary; note that each element of Z S * c↑ (f ) is a locally finite sum. We will sometime skip the explicit refence to the function f and just write Z S * c↑ . Similarly we define R S * c↑ (f ) ( the S-complex over R).
Theorem The maps
P : E * c↑ (Y ) −→ R S * c↑ (f ) and I : R S * c↑ (f ) ֒→ D ′ * c↑ (Y )
induces isomorphisms in cohomology:
As for integer coefficients, one can use the S-complex over the integers to compute H * c↑ (Y, Z). First, consider the complex of local chain currents. Following deRham ([dR]), we recall that a local chain current is a current that can be locally described as a finite integer sum of (currents defined via pushforward by) smooth simplexes. Let's denote by C * (Y ) the complex of local chain currents and by C * c↑ (Y ) the subcomplex with c/f support. Note that Z S * c↑ ⊆ C * c↑ (Y ). It can be proved that the operator P extends to a chain current C if both C and ∂C are transversal to all the unstable manifolds. For the operator T to act on C we need, in addition, to require that C × Y is transversal to the submanifold T ⊂ Y × Y . Note that each current in the S-complex fulfils those transversality conditions.
We remark that the unstable manifolds and the submanifold T are not closed sets. Nevertheless, the description of their singularities as "submersively stratified submanifolds" gives an additional meaning to requiring transversality with each of them: this allows the intersections needed for extending P and T to act on C (see [M ] for details).
Observing that P acts as the identity on Z S * c↑ , it's not difficult to prove the following.
Theorem The inclusion of complexes
That is, the S-complex over the integers computes cohomology with forward supports and integer coefficients. Consequently, if Z S * c↑ is a finitely generated group, then so is H * c↑ (Y, Z) and standard Morse inequalities follow (the strong inequalities over Z).
Remark (stability) Suppose f 0 and f 1 are two weakly proper functions on Y whose difference is bounded (say by the constant c ≥ 0). Then f 0 and f 1 determine the same family of compact/forward sets.
for any a ∈ R, if A is c/f with respect to f 0 then A is also c/f with respect to f 1 . Actually, both the notions forward set and slab compact (cf definition of c/f set) are the same for f 0 and f 1 .
Forward-Backward duality
First we remark that the slab-compact condition can be dropped in the choice of supports, producing analogous results regarding forward sets. Since the previous results are stated for the compact/forward case, and we wish to estabilish duality, we need the backward case, rather than the forward.
We will be brief. Closed subsets of the prelevel sets f −1 ((−∞, a]) are backward sets. Let U * ↓ (f ) denote the subcomplex of currents which are of the form p∈B a p [U p ] where B is a backward set of critical points. They are backward supported, of course.
Flowing backwards in time produces a projection operator from E * ↓ (Y ) to U * ↓ (f ) which is chain homotopic to the identity. Thus
The remainder of this section is devoted to dualizing this isomorphism. The closed sets
is the strict inductive limit of Frechet spaces (in particular, an LF-space).
is similar (i.e. 1-1, continuous, with dense range). In particular each continuous linear functional on
is not compact for some j, then we can choose a pairwise disjoint sequence of balls U n ⊂ B j , centered at points in spt(T ). Pick ϕ n ∈ E * cpt (Y ) with T (ϕ n ) = 1. Since
an elementary Hahn-Banach argument estabilishes the duality 
, along with the chain homotopy P and the inclusion I implies that if ϕ ∈ E ↓ (Y ) is d-closed and is mapped by P to an exact current, then ϕ is exact in E ↓ (Y ). This proves that
and hence, by the continuity of the projection P :
is an isomorphism of locally convex linear topological spaces.
The situation is similar for compact/forward cohomology. The families of compact/forward sets and backward sets are characterized by the fact that intersections are compact. Choose a countable exhaustive sequence
is the strict inductive limit of Frechet spaces, and
The complexes U * ↓ and S * c↑ are in "perfect" duality.
,where B is a backward set of critical points and F is a c/f set of critical points, then B ∩ F is finite and (U, S) = p∈B∩F a p b p .
Theorem (Duality) The spaces
are dual locally convex linear topological vector spaces.
Remarks a) If f is a proper exhaustion function, then backward sets are compact sets and compact/forward ones are closed sets. Consequently the forward backward duality is just ordinary DeRham duality between H p E * cpt (Y ) and 
Circle Valued Morse Theory
Morse Novikov theory is a variation of the previous theory, governed by the addition of the action of a certain (Novikov) ring on subsets of Y . This action commutes with the flow. In this section we consider the special case of "cyclic coverings". In the general case, there is less compatibility between the algebraic structure and the dynamical system. Suppose a circle valued Morse function g : X −→ R/Z is given on the compact manifold X, and consider a gradient vector field for g, whose flow φ is Smale.
Let now σ : R −→ R/Z be the quotient map and let
be the pullback covering. The group of deck transformations is the integers Z = t , where t : Y −→ Y is a diffeomorphism. The equivariance f (ty) = f (y) + 1 relates the covering group and the Morse function f . Using ρ, the gradient vector field and the flow φ can be lifted to a vector field and flow ψ on Y . The flow ψ is the gradient of the Morse function f and is again Smale. The function f is actually proper (not just weakly proper). The critical points upstairs are just the preimages of the critical points downstairs. The main difference between the two dynamical systems is that upstairs there are no closed orbits (nor closed broken flow lines) whereas downstairs there might be some. Actually any flow line that has no finite limit point downstairs lifts to a closed curve (necessarily tending to ∞ in Y ).
Consider the group ring Z t, t −1 or R t, t −1 of the covering, i.e. the Laurent polynomials in t. Define the (formal) Laurent ring
−1 to be the rings of formal Laurent series with finite principal parts. Clearly Λ Z is a Z t, t −1 -module and Λ R is a R t, t −1 -module. The definition is meaningful since the geometric series trick shows:
Compact/forward sets can be defined algebraically, as a simple consequence of the interaction of the deck map t and of f . Let's now reconsider the complexes of forms and currents E *
, and S * c↑ (f ) defined in the previous section. Note that in this cyclic covering case, the words "forward" and "compact/forward" have the same meaning, since the Morse function is proper. Nevertheless we use the notation c/f , as it will be needed in the following section, dealing with the general case. Since the covering map t commutes with the flow ψ, the previous lemma implies that the action of t by pushforward is a self map of all the previous complexes. This induces actions of the group rings and Novikov rings. Since the operators
commute with the action of t, they are Λ R -linear maps.
Theorem 1 The map of Λ R -complexes
induces an isomorphism of Λ R -vector spaces
Proof.The first statement is a direct consequence of the results in section2 and of the algebraic fact 1. Any choice of a lifting p ∈ Cr (g) −→p ∈ Cr(f ) for the set of critical points downstairs will provide a Λ R basis for the vector space As for the theory with integer coefficients, a key result is:
.(principal ideal domain).
Now, observe that the inclusion map Z S * c↑ (f ) ֒→ C * c↑ (Y ) commutes with the action (as pushforward) of t and the complexes involved are complexes of Z t, t −1 -modules as well as of Λ Z -modules.
Theorem 2 The inclusion map of Λ Z -complexes
induces an isomorphism of Λ Z -modules With the new f , each stable manifold S p is relatively compact in Y , therefore [S p ] has compact support and its boundary consists of a finite sum of other stable manifolds. In particular the space Z S * cpt (f ) (made up of finite sums stable manifolds) is closed under taking boundary, i.e. it is a complex. Moreover, the operator P maps E * cpt (Y ) to R S * cpt (f ) and the operator T is a chain homotopy between P and the identity I :
Consequently, there are isomorphisms of real vector spaces and abelian groups:
Λ Z are complexes of Λ Z modules and there are isomorphisms of Λ Z modules:
Now we need:
By taking cohomology of the complexes, this implies:
Theorem 3 As finitely generated Λ Z -modules:
Λ Z .
Modified Novikov Theory
In this section we present a modified (different) version of Novikov theory (for k > 1), which is more natural for our geometric point of view. The standard Novikov theory (k > 1) will be derived in the next section for the sake of completeness. Let ω be a Novikov 1-form on the compact Riemannian manifold X, i.e. a closed form with nondegenerate singularities. Its gradient vector field defines a flow φ on X. Using φ, one can then define global stable and unstable manifolds. We will assume this flow to be Smale (i.e. all stable and unstable manifolds have to intersect transversally: this is known to be a generic condition for this kind of gradient fields).
Let k−1 be the irrationality index of ω and χ = (χ 1 , .., χ k ) denote its periods, which one can assume to be positive numbers. Let ρ : Y → X be a minimal covering such that ω pulls back to an exact form, say df , with f : Y −→ R. The group π of deck translations of (Y, ρ) is a free abelian group with k generators, say t 1 , ..., t k (i.e. π ≈ Z k ) and the group ring is the Laurent polynomials
The equivariance relations f (t i (y)) = f (y) + χ i hold for any i = 1, .., k. If k = 1 the covering is cyclic and the one form ω can be seen as the differential of a circular valued function, which was the case in the previous section.
Using the covering map ρ as it has been done for cyclic coverings, the gradient vector field and the flow φ can be lifted to a vector field and flow ψ on Y. The flow ψ is the gradient of the Morse function f and is again Smale, but it is not proper. The critical points upstairs are just the preimages of the critical points downstairs and "upstairs" there are no closed orbits (nor broken closed orbits).
Lemma The lifted flow ψ is weakly proper.
Proof. Supposeγ : [0, +∞[→ Y is a forward flow-half line of ψ which is not relatively compact in Y (i.e.γ does not converge to a critical point); we just need to show that f is unbounded onγ. Consider the projected curve γ = ρ (γ), which is a forward flow-half line for φ. Since ρ * (ω) = df , and
we are left to prove that γ ω = +∞. Observe that γ cannot converge to a critical point for φ in X, otherwiseγ would also converge to a critical point for ψ in Y . Moreover, for any open set D ⊂ X containing all the critical points, there exists a constant c > 0, determined by |ω| on X\D, such that for any piece of an integral curve α contained in X\D, the extimate α ω = |α| 2 dt > c |α| dt holds. Since γ doesn't converge to a critical point, we can choose D so that γ has unbounded lenght in X\D
Remark
The previous lemma (and proof ) holds for any covering where ω pullbacks to an exact form, in particular the lifted flow is weakly proper for the universal covering.
Now we modify the Novikov Theory (for k > 1) by introducing a new ring, the "forward Laurent ring". Let the vector of periods χ also denote the linear functional on R k defined by
for some a ∈ R, 3) compact\forward or c\f if F is both slab compact and forward.
First, consider formal Laurent series α = a n t n , where t = (t 1 , .., t k ) and n = (n 1 , .., n k ). The support of α, denoted by |α|, consists of all n ∈ Z k such that a n = 0.
Definition The forward Laurent ring Λ consists of all formal Laurent series α = a n t n with compact\forward support and with integer coefficients a n ∈ Z. The alternative notations Λ = Λ cf = Λ (Z) will also be used. Similarly, one can choose real coefficients to define Λ (R).
Note 1 The support of α is compact\forward if and only if
Note 2 Consequently, given α, β ∈ Λ, the Cauchy product γ = αβ is defined by the finite sums c n = p+q=n a p b q , and γ has c\f support.
Notations. The degree of a monomial term t n is defined to be χ (n). The set of degrees of all the non zero monomial terms in the expansion of α ∈ Λ is the image χ (|α|) of the support |α| under the map χ : Z k → R. This set
Consequently, each α ∈ Λ has a unique expansion α = N ≤∞ j=0 a j t Aj with each a j non zero and deg t Aj < deg t Aj+1 . The degree of α is defined to be the degree of the leading term a 0 t A0 . The map l : Λ → Z defined by taking the leading coefficient, namely l (α) = a 0 , is not a ring homomorphism; in fact l(α) + l(β) will be zero if the leading terms cancel. However, if it is not zero, then l(α) + l(β) = l(α + β). Consequently, if I is an ideal in Λ, then l(I) is an ideal in Z, since l(α)l(β) always equals l(αβ). Conversely, Lemma An element α ∈ Λ is a unit if and only if l (α) is a unit.
Proof. We can assume α = 1 − β with deg (β) > 0. Since deg β k = k deg (β), the geometric series in β provides the inverse for α in Λ (Z)
As an immediate corollary, we have:
Algebraic Fact 1The forward Laurent ring with real coefficients Λ (R) is a field.
The proof of the second algebraic fact is more involved:
Algebraic Fact 2 The forward Laurent ring Λ (Z) is a principal ideal domain.
Proof. Suppose I is an ideal of Λ. Since Z is a p.i.d., l (I) = Za for some integer a ∈ Z. Choose an element α = a + ∞ j=0 a j t Aj in the ideal I with degree zero and leading coefficient l (α) = a. Given γ ∈ I, we will inductively define
β j ∈ Λ (Z) so that γ = βα, proving that I = Λα.
Define γ 0 = γ and, given γ k ∈ I, define the monomial
as the error in the factorization. Thus deg
, the set of degrees of terms in γ k . Let
Consequently, the union of all the sets DEGS (γ k ) is contained in the set D of real numbers of the form x j + y i1 + ... + y i k . Since both the set of x j 's and the set of y i 's are discrete and bounded below, the set D is also discrete and bounded below. Thefore lim
The last result we need will be proved in the next section:
Exactly as in the cyclic covering case, compact/f orward sets based on f can be defined algebraically in terms of the covering group π = Z k .
Lemma A closed set A ⊂ Y is a compact/forward set if and only if there exists a compact set K ⊂ Y and a c/f set F in the lattice Z k such that A is contained in the union of the sets t n (K) over n ∈ F .
Theorem Each of the Theorems 1,2,3 in the last section holds for k > 1 if one substitutes the ring Λ cf for Λ.
The statements and their proofs are identical, so they will not be repeated here. We conclude by pointing out:
Remark (Topological Stability) Any two Novikov forms in the same cohomology class in H 1 (X, R) define the same c/f sets on Y . In fact they differ by the differential of a bounded function (since X is compact). Therefore their liftings to Y differ by a bounded function. The stability remark in the section on Morse theory applies.
Novikov Theory
Finally, we compare the previous results with Novikov theory (k > 1). Again, three algebraic facts are needed. The proofs are included since two of them are not available in literature, as far as the authors know.
It is convenient to define the Novikov ring in terms of supports. (R) .
Note that any cone-forward set is compact/forward, so that the Novikov ring Λ nf is a subring of the ring Λ cf . Again, the geometric power series argument shows that:
Proof. Given an ideal I ⊂ Λ nf (Z), letĪ be the ideal in Λ cf (Z) generated by I. Pick α ∈ I, such that the ideal l (I) ⊂ Z is generated by l (α). Then We will next prove that any Λ + α is a completion of L + α . Since the set of points with integer coordinates is discrete in the angular regions described above, the degree of elements in L + α (and in Λ + α ) is a discrete (hence well ordered) set in [0, +∞), say {a 0 = 0, a 1 , . . . , a h , . . .}. Also, the sets Proof Any torsion free module over a p.i.d. is flat ( [Ma] ), and the Laurent forward ring Λ cf is torsion free over the Novikov ring Λ nf , so Λ cf is flat over Λ nf . We just proved Λ nf is flat over the Laurent polynomials L and since flatness has the transitive property we are done.
Definition (Novikov-forward set in Y ) A closed subset A ⊂ Y is a Novikovforward set (abbreviated n/f -set) if there exists a compact set K ⊂ Y and a n/f set F in the lattice Z k such that A ⊂ n∈F t n (K).
Note that Novikov-forward sets are compact/forward with respect to f , since f (t n (y)) = χ · n + f (y). The converse is not always true if k > 1 because the lattice contains compact/forward sets which are not Novikov/forward. Clearly, each covering translation t i acts on the various complexes of forms and current with support in Novikov/forward-sets and the different actions commute (since the t i 's do). This allows one to define actions of the group ring and Novikov ring "by linearity" on those complexes; the supports are in fact preserved by the action of the Novikov ring Λ. One can also define an S-complex Z S * nf with supports in n/f -sets and all the previous arguments carry over substituting n/f -sets for compact/forward sets with respect to f .
Theorem Each of the Theorems 1,2,3 stated for cyclic covers holds for the ( k > 1) Novikov case if one substitutes n/f -supports for compact/forward supports.
Again, the statements and their proofs are unchanged (because of the three algebraic facts).
These three theorems in the n/f case and the c/f case are directly related as follows. Since Λ cf (R) is a field, Λ cf (Z) is a torsion free module over the ring Λ = Λ nf (Z). Since the ring Λ = Λ nf (Z) is a p.i.d., this implies that Λ cf (Z) is a flat Λ-module. Therefore:
The proof is immediate.
The integer case produces two finitely generated complexes of Z Λ-bilinear pairing; and with bases S i , U i so that (S i , U j ) = δ ij . It follows algebraically that Λ-Poincare' duality holds over Z. An algebraic Λ-linking provides the torsion statement.
